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ABSTRACT

This paper has alot to say about perhaps not very much. Itsaim isto pin down the exact nature of one-
to-one, many-to-one, one-to-many, and many-to-many relationships. In particular, it triesto come up
with precise definitions for these concepts. The paper might thus be dismissed by some as mere
pedantry; it might also be accused of making very heavy weather over what are essentially very smple
concepts. But asurvey of the literature certainly betrays confusion and lack of systematic thinking in
this area, and as I've had occasion to remark elsewhere, in the field of computing in general, and in the
field of database management in particular, clarity, accuracy, and precision are surely paramount;
without them we're doomed. So you be the judge.
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INTRODUCTION

It might just be me, but I'm never quite certain what people mean when they use expressions like one-
to-one relationship, many-to-one mapping, and so forth. For example, consider this quote from
reference [5]:

Thereis aone-to-one ... relationship between flight segments and aircraft. A particular flight
segment on a given day uses one and only one aircraft.
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Wéll, clearly aparticular flight segment on a given day does use one and only one aircraft.

Surely, however, aparticular aircraft can be used on one, two, ... or any (reasonable) number of flight
segments on a given day——ypossibly even none at all? So isn't the relationship not one-to-one but,
rather, many-to-one ("Many flight segments on a given day use a given aircraft"), where "many"
includes the zero case? Or isit perhaps one-to-many ("A given aircraft is used on many flight
segments on a given day"), where again "many" includes the zero case?

This paper is an attempt to clarify such matters and inject alittle rigor into the terminology.

Note: | should warn you that some of the definitions in what follows are inevitably alittle
complicated, or at least might appear so on afirst reading. Caveat lector.

GROUNDWORK AND ASSUMPTIONS

I'll begin by laying alittle groundwork and spelling out some assumptions.

| assume you have an intuitive understanding of what's meant by the term relationship. Please
note that I'm not using that term in any loaded kind of way; in particular, I'm not giving it any
specificaly relational interpretation, in the sense of the relational model, nor am | using it in any
specific "entity/relationship modeling” kind of sense (if there can be said to be any such sense).

Mention of the term entity reminds me: It's possible, and | think highly desirable, to discuss this
subject without using that fuzzy term at all. Asyou'll quickly find, therefore, my definitions (of
relationship and the like) are all phrased in terms of the mathematical concept of aset. That term
itself can be defined as follows:

set A collection of objects, or elements, with the property that given an arbitrary object X, it can
be determined whether or not x appearsin that collection.

In particular, observe that the mathematical term (and the term I'll be using) for the objects that
are members of setsiselements. Note: Many of the definitions in this paper, including the
foregoing definition of the term set in particular, are taken from reference [2], as are many of the
examples also (at |east the more mathematical ones).

For simplicity, | assume all relationships are binary. All of the ideas to be discussed extend to
ternary, quaternary, etc., relationships in a straightforward manner.

For definiteness, | assume all relationships are directed. As aconsequence, if there'sa
relationship from A to B, there's an inverse relationship (also directed, of course) from Bto A as
well. Note: It would be possible to talk of relationships as bidirectional and thus avoid the need
to introduce the notion of inverse relationships, but | think clarity would suffer.

Asintheintroduction, I'll take "many" to include the zero case throughout (i.e., "many" means
zero or more), barring explicit statements to the contrary.

Here then is a generic definition of the term relationship:
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relationship Let A and B be sets, not necessarily distinct. Then arelationship from AtoB isa
rule pairing elements of A with elements of B. (Equivalently, we might just say the relationship
isthe pairing itself.)

Note: Since I'm taking relationships to be directed, | do think it makes better sense to think of a
relationship as being from one set Ato the other set B than it does to think of it being between those
two sets. Also, as aready indicated, I'll distinguish the relationship in question from its inverse, which
isarelationship from set B to set A

By way of illustration, let A be the letters of the alphabet A-Z and let B be the digits 0-9. Then
the following pairing (spelled out in detail on telephone handsets) is awell known example of a
relationship from Ato B:

nil
nil
A-C
D-F
G-l
J-L
M-O
P-S
T-V
W-Z

©CoO~NOOUTA_AWNEO

There's also an inverse relationship from B to A (in which, as you can see, it happens that certain
elements of B are actually paired with no elements of A at all).

I'll refer to the foregoing example as "the telephone example” in what follows.

HOW MANY CASES ARE THERE?

Given the notion of arelationship as I've defined it, along with the notion that any given relationship
has an inverse relationship, how many distinct kinds of relationships—or combinations thereof,
rather—can reasonably exist involving two sets A and B? Well (using lowercase a and b to refer to
arbitrary elements of A and B, respectively), it should be clear that:

e For agiven athere could be at most one b; exactly one b; at least one b; or many b's(i.e.,, M b's
for some M >0).

e Ineach of the foregoing cases, for a given b there could be at most one a; exactly one a; at least
onea; or many a's(i.e.,, M a'sfor someM > 0).

On the face of it, therefore, there are 16 possible combinations. Fig. 1 presents a summary of the 16
cases in the form of amatrix; Fig. 2 shows them pictorialy, asthey might be represented in, e.g., a
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UML diagram——though | should say in the interests of accuracy that the notation in Fig. 2 is not
exactly that of UML, though it's close (see reference [1]).

b has —»

ahas ! at most exactly at least M a's

onea onea onea (M>0)
at most Casel.1l Casel.2 Case 1.3 Case 1.4
oneb
exactly Case2.1 Case 2.2 Case 2.3 Case 2.4
oneb
at least Case 3.1 Case 3.2 Case 3.3 Case 3.4
oneb
Mb's Case 4.1 Case 4.2 Case 4.3 Case 4.4
(M=>0)

Fig. 1. The 16 casesin matrix form

0.1 0.1

Case1.1: A B
1 0.1

Case 1.2 A B
1..M 0.1

Cae 1.3: A B
0.M 0.1

Case 1.4 A B
0.1 1

Case 2.1: A B
1 1

Case 2.2 A B
1.M 1

Case 2.3 A B
0..M 1

Case 2.4 A B
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0.1 1M

Case3.1: A B
1 1.M

Case 3.2 A B
1.M 1.M

Case 3.3: A B
0.M 1.M

Case 3.4: A B
0.1 0.M

Case4.1: A B
1 0..M

Case 4.2: A B
1.M 0.M

Case4.3: A B
0.M 0.M

Case 4.4: A B

Fig. 2: The 16 casesin pictoria form

Let's consider arealistic—well, fairly realistic—example of each of the 16 cases. Note: You
might want to make a copy of either Fig. 1 or Fig. 2 and use it as an aid to memory as you read through
the remainder of this paper.

1.1 Each ahasat most one b, each b has at most one a.

Example: At agiven time, agiven man has at most one wife and a given woman has at most one
husband (assuming no polygamy); however, some men have no wife and some women have no
husband.

1.2 Each ahasat most one b, each b has exactly one a.

Example: In agiven company at a given time, each employee manages at most one department
and each department has exactly one manager (i.e., employee who manages the department);
however, some employees aren't managers. Note: 1'd liketo point out in passing that this case
occurs ubiquitously in connection with type inheritance as described in, e.g., reference [4]. For
example, let A and B be types RECTANGLE and SQUARE, respectively, and let SQUARE be a
subtype of supertype RECTANGLE. Then the supertype/subtype relationship is such that a
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13

14

21

2.2

2.3

24

31

3.2

givenrectangle "has" a corresponding square if and only if the rectangle in question isin fact that
square, and a given square "has' a corresponding rectangle that's precisely the rectangle that the
square in question happensto be. (Of course, every square is arectangle, but many rectangles
aren't squares.) In this example, the relationship from RECTANGLE to SQUARE and the
inverse relationship from SQUARE to RECTANGLE are both identity (i.e., "isthe same
rectangle as,”" or simply "is equal to").

Each ahas at most one b, each b has at least one a.

Example: In agiven company at a given time, each employee has at most one department (but
some employees have no department at all) and each department has at |east one employee.

Each ahas at most one b, each b has many as.

Example: In agiven company at a given time, each employee has at most one department (but
some employees have no department at all) and each department has any number of employees
(possibly none at al).

Each ahas exactly one b, each b has at most one a.

Example: Thisisjust Case 1.2 with A and B interchanged. Hence, an exampleis. Inagiven
company at a given time, each department has exactly one manager (i.e., employee who manages
the department), and each employee manages at most one department.

Each ahas exactly one b, each b has exactly one a.

Example: In agiven shipping company, a given shipment has exactly one corresponding invoice
and a given invoice has exactly one corresponding shipment.

Each ahas exactly one b, each b has at least one a.

Example: In agiven company at a given time, each employee has exactly one department and
each department has at least one employee.

Each ahas exactly one b, each b has many as.

Example: In agiven company at a given time, each employee has exactly one department and
each department has any number of employees (possibly none at all). As another example, every
person has exactly one biological mother, and every woman is the biological mother of zero or
more children.

Each ahas at least oneb, each b has at most one a.
Example: Thisis Case 1.3 with A and B interchanged; see that case for an example.
Each ahas at |east one b, each b has exactly one a.

Example: Thisis Case 2.3 with A and B interchanged; see that case for an example.
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3.3 Each ahasat least one b, each b has at |east one a.

Example: Every book has at least one author, every author (that is, every book author) is by
definition author of at least one book.

3.4 Each ahasat least one b, each b has many as.

Example: Every sporting event has at least one winner (possibly more than oneif ties are
allowed), every competitor is the winner of zero or more such events.

4.1 Each ahasmany b's, each b has at most one a.

Example: Thisis Case 1.4 with A and B interchanged; see that case for an example.
4.2 Each ahasmany b's, each b has exactly one a.

Example: Thisis Case 2.4 with A and B interchanged; see that case for an example.
4.3 Each ahasmany b's, each b has at least one a.

Example: Thisis Case 3.4 with A and B interchanged; see that case for an example.
4.4 Each ahasmany b's, each b has many as.

Example: In the well known suppliers-and-parts database, each supplier islocated in the same
city as zero or more parts and each part is located in the same city as zero or more suppliers.

So there aren't really 16 distinct cases after all but only 10. Notice, by the way, that several of
the exampl es correspond to business policies or business rules (see, e.g., Cases 1.4 and 2.3). Others
might be merely fortuitous (see, e.g., Case 4.4), but can be interesting nevertheless—some user might
certainly want to "exploit the relationship,” as common parlance hasit, in order to determine which
parts are located in the same city as a given supplier, for example.

Now, | opened this section by asking: How many distinct kinds of relationships can reasonably
exist involving two sets A and B? Of course, the emphasis hereis on reasonably. It would obviously
be possible to classify the various "many" cases further (at most two, exactly two, at |east two, at most
three, and so on). To quote reference[8]: "For example, a meeting must have at least two people, and
tango contests must have an even number of participants.” However, such further classification doesn't
seem particularly rewarding (it adds alot of complexity, and the law of diminishing returns comes into
play very quickly), and | won't consider such possibilities any further in this paper.

EXAMPLES OF CONFUSION

Now let's take alook at some actual quotes from the literature that demonstrate, at |east arguably, a
certain amount of confusion inthisarea. Thefirst isalonger extract from reference [5] (the quote in
the introductory section was taken from this extract, as you can see).
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<quote>
For example, consider the following relationship descriptions:

e Thereisaoneto-one equipment-use relationship between flight segments and aircraft. A
particular flight segment on agiven day uses one and only one aircraft.

e Thereisaoneto-one departure relationship between flight segments and airports, and another
one-to-one arrival relationship between flight segments and airports. Each flight segment has
exactly one departure airport and one arrival airport.

e Thereisaoneto-many publication relationship between publishers and books. Each publisher
can publish many books, and each book can be published by only one publisher.

e Thereisamany-to-many authoring relationship between papers and people. Each paper can be
authored by one or more people, and each person can author one or more papers.

</quote>

Let's analyze each of these examplesin turn. I'll repeat the examples to make the analysis easier
to follow.

e Thereisaoneto-one equipment-use relationship between flight segments and aircraft. A
particular flight ssgment on a given day uses one and only one aircraft.

As noted in the introductory section, the true situation hereis asfollows: Each flight segment ("on a
given day") has exactly one aircraft; each aircraft has many flight segments (possibly none at
all)y——again, on agiven day. Thus, we're dealing here with an example of Case 2.4 (or Case 4.2, if we
look at the examplein the inverse direction).

e Thereisaoneto-one departure relationship between flight segments and airports, and another
one-to-one arrival relationship between flight segments and airports. Each flight segment has
exactly one departure airport and one arrival airport.

Actually, each flight segment has exactly one departure airport, but each airport has many flight
segments departing from it (where, | presume, "many" does not include the zero case); so | think we're
dealing here with Case 2.3 (or Case 3.2). Similarly for arrivals.

e Thereisaoneto-many publication relationship between publishers and books. Each publisher
can publish many books, and each book can be published by only one publisher.

Accurate analysis of this example depends on exactly what's meant by the term book. For example,
most people would surely say that Pride and Prejudiceis abook, but it's been published by many
distinct publishers (even simultaneoudly; at the time of writing, it's available from severa distinct
publishers). And some books are published jointly by two or more publishers, anyway; | have in my
own professional library at least one book published jointly by the ACM Press and Addison-Wesley.
So | would say the situation is that each publisher has many books and each book has many publishers,
where neither of those "many"s includes the zero case: Case 3.3.
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e Thereisamany-to-many authoring relationship between papers and people. Each paper can be
authored by one or more people, and each person can author one or more papers.

Actually, each paper has at |east one author, while each person is an author for zero or more papers:
Case 3.4 (or Case 4.3).

Note: Just to show that | don't mean to pick unfairly on one particular publication or one
particular writer as atarget for criticism, here are a couple more examples that demonstrate confusions
similar to those just discussed:

e Fromreference[6]: "One-to-onerelationship ... A typical example might be ... that one and only
one FACTORY manufactures the particular PRODUCT." Surely FACTORY to PRODUCT is
many-to-one, not one-to-one? Note: | take the liberty of using the term many-to-one here (and
in the rest of the present section) even though | still haven't defined it precisely. I'll do so
eventually, | promise.

e Fromreference[7]: "[A] one-to-one mapping ... means that at every instance [sic] in time, each
value of A has one and only one value of B associated with it. Thereis aone-to-one mapping
between EMPLOY EE NAME and SALARY." Again, surely the relationship (here from
EMPLOYEE NAME to SALARY) is many-to-one, not one-to-one?

To return for amoment to the examples from reference [5], | do think part of the confusion is dueto
the writer's use of the word between—as in "a one-to-many ... relationship between publishers and
books," for example (my italics). As| said earlier, relationships (at |east, directed relationships) are
better thought of as being fromone set to another, not between two sets. Thus, it might be plausible to
suggest that (for example) the relationship from A to B is one-to-one while the inverse relationship
from B to Ais many-to-one (i.e., Case 2.4, possibly); but | think it's hard to come up with a clear and
unambiguous characterization of "the relationship between" A and B in such a situation.

Incidentally, | said in the abstract to this paper that "a survey of the literature [also displays
some] lack of systematic thinking in thisarea." One example of that lack of systematic thinking occurs
in connection with thisissue of whether "many" includes the zero case. Consider Fig. 2 once again; for
definiteness, consider Case 1.4 from that figure (repeated here for convenience):

0.M 0.1 F__
Caseld: | A B

The line between the two boxes here represents both the relationship from Ato B and the inverse
relationship from B to A, and the annotation on that line represents what are often called the cardinality
constraints on those relationships. To be precise, the specification 0..1 indicates that for one a there
can be from zero to one (i.e., at most one) b; the specification 0..M indicates that for one b there can be
any number of a's, from zero to some undefined upper bound M. The other specificationsin Fig. 2
have analogous interpretations.

Incidentally, | feel obliged to mention in passing that the UML term for the concept under
discussion is not cardinality but multiplicity. Asreference[1] putsit, "multiplicity” is"a specification
of the range of allowable cardinality values—the size—that a set may assume." Well, I've
complained before about our field's cavalier way with terms, but this hasto be afairly grotesque
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example ... Thefact is, multiplicity smply doesn't mean what UML wantsit to mean (and | say thisin
full knowledge of Humpty Dumpty's pronouncements on such matters). Chambers Twentieth Century
Dictionary defines the term thus:

multiplicity the state of being manifold: a great number

(Manifold here just means "many in number.") Thus, we might reasonably say that, e.g., "UML suffers
from amultiplicity of terms—far more terms than it has concepts” (to pick an example more or less at
random). However, we can't reasonably say that, e.g., "the multiplicity of the set {a,b,c} isthree.”
(The cardinality of that set isthree, of course.) Note: For an extended discussion of UML's troubles
over terms and concepts, see reference [3].

Anyway, to get back to cardinality constraints as such: The terms mandatory and optional are
often used in an attempt to get at the question of whether or not "many" includes the zero case. But
there doesn't seem to be any consensus on exactly what these terms mean. Consider the following
quotes:

e Fromreference[8]: "The zero indicates that each object may not map to any object. The one
indicates that each object must map to at least one object. Because of themay and must aspects
of these two minimum constraints, they [sic] are sometimes referred to respectively as optional
or mandatory mappings.”

e Fromreference[9]: "Optional: The existence of either entity in the relationship is not dependent
on therelationship ... Mandatory: The existence of both entities is dependent upon the
relationship.”

Do you think these definitions display "systematic thinking"? (I don't.) Do you think they're clear?
(Surely not.) Do you think they're saying the same thing? (Very hard to say.)

WEell, enough of this griping. One concept | think can help us arrive at more precise definitions
in this areaisthe concept of afunction. Let'stake acloser |ook.

FUNCTIONS

Functions are ubiquitous in computing contexts, and I'm sure you have at least an intuitive
understanding of what afunctionis. Like many other termsin computing that have their originsin
mathematics, however, the term function has unfortunately had its meaning muddied and diluted
somewhat over the years, to our loss. Here I'd like to get back to the original mathematical definition,
because as I've already said | think it can be quite helpful in clarifying the relationship concept. Hereis
such a definition:

function Let A and B be sets, not necessarily distinct. Then afunction fisarule that pairs each
element of A (the domain of f) with exactly one element of B (the codomain of f); equivalently,
we might just say f isthat pairing itself. The unique e ement b of B corresponding to element a
of Aisthe image of a (under f), and the set of al such imagesistherange of f. Note that the
range is a subset, often a proper subset, of the codomain.
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The telephone example quoted earlier in this paper illustrates this definition: The functionisa
rule that pairs letters with integers (equivalently, it's that pairing per se of letters with integers); the
domain isthe set of letters A-Z, the codomain is the set of integers 0-9, and the range is the set of
integers 2-9 (a proper subset of the codomain). Under that function, the image of (for example) the
letter H isthe integer 4.

As another example, let f be the rule that pairs nonnegative integers x with their squares x2. Then
fisafunction with domain and codomain both the set of all nonnegative integers and range that proper
subset of the codomain (the domain too, in fact) that consists only of perfect squares. Note: From this
point forward I'll tend to favor examples like this one (i.e., examples with a slightly mathematical
flavor) because their semantics are, or should be, crystal clear——we don't have to get into arguments
about what exactly is meant by less well defined concepts such as department or book or flight segment
(etc.).

Note: Two further terms that mean exactly the same thing in mathematics as function are
mapping and transformation (abbreviated map and transform, respectively). Again, however, you
should be aware that the meanings of these terms have become somewhat muddied and diluted in
computing contexts, to our loss, and you can certainly find conflicting definitions in the literature.
Again, caveat lector.

So what does the notion of afunction have to do with that of arelationship? Well, if fisa
function with domain A, codomain B, and range C (where C is a subset of B), it should be clear that:

e Function f defines arelationship from A to B according to which, for each element ain A, there
exists exactly one element b in B (the image of a under f).

e Likewise, function f defines arelationship from Ato C according to which, for each element aiin
A, there exists exactly one element ¢ in C (theimage of a under f).

e Function f also defines, at least implicitly, an inverse relationship from B to A according to
which, for each element b in B, there exist M elements ain A such that b is the image of a under f
(M >0). Note: In genera, of course, that inverse relationship won't be afunction; in fact, it'll be
afunctionif and only if M = 1 for all elements b in B.

o Likewise, function f also defines, at least implicitly, an inverserelationship from C to A
according to which, for each element cin C, there exist M elements a in A such that cisthe
image of aunder f (M > 0). Note: Again that inverse relationship will be afunction if and only
if M =1foral elementscinC.

These facts give some hint as to how the notion of afunction can help in pinning down the
meaning of terms such as many-to-one relationship more precisely, as I'll now try to show.

By definition, any given function f has the property that an arbitrary number M (M > 0) of
elements a from its domain A can map to agiven element c initsrange C. For that reason, we can and
do say that the relationship from Ato C is many-to-one ("many" here not including the zero case,
please note). Furthermore, we often describe that relationship (for emphasis) more specifically as
many-to-one onto, since by definition there'sno element cin C that isn't the image of something in A.
Asfor the relationship from A to the codomain B, we describe that relationship as many-to-oneinto,
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since in general there are some elements b of B that aren't the image of anything at all in A. Note:
Many-to-one onto is a special case of many-to-oneinto, of course. Also, | should makeit clear that in
the case of many-to-one into (though not many-to-one onto), the qualifier many-to-one is being used in
adightly doppy sense. See the section "Correspondences” (subsection "Many-to-One
Correspondence™), following the present section.

Examples:

1. Thetelephone example (where Aisthe set of letters A-Z, Bisthe set of integers 0-9, and C isthe
set of integers 2-9) provides an example of a many-to-one into relationship from Ato B—and,
of course, a many-to-one onto relationship fromA to C.

2. Likewise, the function that maps nonnegative integersx to their squares x2 (where A and B are
both the set of al nonnegative integers and C isthe set of all perfect squares) also provides an
example of a many-to-one into relationship from A to B and a many-to-one onto relationship
fromAtoC.

More terminology: A many-to-one onto relationship is also known as a surjective function (or
mapping), or just a surjection for short. For completeness, here's the definition:

surjection Let f be afunction with domain A and codomain B. Thenf isasurjection (also
known as a many-to-one onto relationship) if and only if each element b in B isthe image of at
least one element a in A—in other words, if and only if the range is equal to the codomain.

(In general, the range of afunction is a subset of the codomain. But since by definition every setisa
subset of itself, having the range and the codomain be equal, which is what happens with a surjection,
doesn't count as a violation of this requirement on functionsin general.)

Now let's consider the "squares’ example again, where the domain A and range C are the set of
all nonnegative integers and the set of all perfect squares, respectively, and f is the function that maps
nonnegative integers x to their squaresx?. This particular function satisfies the property—as most
functions do not—that if al and a2 are distinct elementsin A, then their images c1 and c2 are distinct
elementsin C; in other words, each element in C isthe image of exactly one elementin A. Insuch a
case, we can and do say that the relationship from A to B is one-to-one, or one-to-one onto to be more
precise. Asfor the relationship from A to the codomain B, we describe that relationship as one-to-one
into, since in general there are some elements b of B that aren't the image of anything at al in A. Note:
One-to-one onto is a special case of one-to-one into, of course, and one-to-onein general is a specia
case of many-to-one. Also, | should make it clear that in the case of oneto-oneinto (though not one-
to-one onto), the qualifier one-to-oneis being used in aslightly sloppy sense. See the section
"Correspondences” (subsection "One-to-One Correspondence’), following the present section.

Further terminology: A one-to-one onto relationship is also known as a bijective function (or
mapping), or just a bijection for short; a one-to-one into relationship is aso known as an injective
function (or mapping), or just an injection for short. For completeness, here are the definitions:
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bijection Let f be afunction with domain A and codomain B. Then fis abijection (also known
as aone-to-one onto relationship) if and only if each element b in B is the image of exactly one
element ainA.

injection Let f be afunction with domain A and codomain B. Then fis an injection (also known
as aone-to-oneinto relationship) if and only if each element b in B istheimage of at most one
element ainA.

Notein particular that afunction isabijection if and only if it's both an injection and a surjection.
Equivalently, abijection is afunction (from domain A to codomain B) for which the inverse
relationship (from B to A) is afunction—in fact a bijection——too. Here'sasimple example: Let A and
B both be the set of al integers, and let f be the function that maps integers x to their successors x+1.
Then fisabijection from Ato itself (and so the inverse function, which maps integers x to their
predecessors x-1, is a bijection from A to itself as well).

Note further that a bijection can be regarded as anonloss mapping in the sense that, given an
arbitrary element a in the domain, we can aways get back to that element a from itsimage b in the
codomain by using the inverse mapping, which is abijection also. Note: Bijections are sometimes
also referred to as isomor phic mappings, though this terminology is deprecated (see the section
"Closing Remarks").

Let me now relate the terms I've defined in this section to the cases identified in the section "How
Many Cases Are There?' (where possible). It should be clear without too much discussion that:

e (Case2lisaninjection, or one-to-oneinto relationship, from A to B (and Case 1.2 is an injection
fromB to A).

e Case2.2isabijection, or one-to-one onto relationship, from Ato B (and aso from Bto A).

e (Case2.3isasurjection, or many-to-one onto relationship, from Ato B (and Case 3.2 isa
surjection from B to A).

e (Case24isafunction from Ato B that isn't an injection, bijection, or surjection (and Case 4.2 isa
function from B to A that isn't an injection, bijection, or surjection).

So now we've dealt with four of the ten distinct cases, or seven of the 16 cases overall. What about the
others? Obviously the notion of function can only take us so far; in order to deal with the other cases
properly, we need some more concepts, and more definitions.

CORRESPONDENCES

The mathematical notion of a correspondence is more genera than that of a function—in fact, it can
be seen as aformalization of the intuitive notion of a directed binary relationship (some but not all such
relationships being functions, as we've seen). Asyou'd probably expect, correspondences come in four
flavors. one-to-one, many-to-one, one-to-many, and many-to-many (though many-to-one and one-to-
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many are really just the same thing looked at from two different points of view, again as you'd
probably expect). I'll treat each case in a subsection of its own.

One-to-One Correspondence
Here's a precise definition:

one-to-one correspondence Let A and B be sets, not necessarily distinct. Then a one-to-one
correspondence from A to B isarule that pairs each element of A with exactly one element of B
and each element of B with exactly one element of A. Equivaently, we might just say the one-
to-one correspondence is that pairing itself.

By way of example, let A bethe set of all integers. Then the pairing of elements x with their
successors x+1 is a one-to-one correspondence from Ato itself, and so is the pairing of elements x with
their predecessors x-1.

Now, | hopeit's obvious that (as the example suggests) a one-to-one correspondence is nothing
more nor less than a bijection as previously defined. The troubleis, the term one-to-one
correspondence is often used, loosely, to mean something slightly different from a bijection as such.
To be specific, it's often used to mean one or other of the following (note the various subtle
differences):

1. A pairing such that each element of A corresponds to at most one element of B (while each
element of B corresponds to exactly one element of A)

2. A pairing such that (while each element of A correspondsto exactly one element of B) each
element of B corresponds to at most one element of A

3. A pairing such that each element of A corresponds to at most one element of B and each element
of B corresponds to at most one element of A

I'll refer (for the moment) to these three interpretations of the term one-to-one correspondence as Type
1, Type 2, and Type 3, respectively, and I'll refer to the strict (bijective) interpretation as Type 0. Let
me now relate the four interpretations to the cases identified in the section "How Many Cases Are
There?' (where possible). In fact, it should be clear that:

e Case 2.2 (previously identified, correctly, as a bijection, or one-to-one onto relationship, from A
to B and also from B to A) can aso be identified as a Type 0 one-to-one correspondence from A
toB (and aso fromB to A).

e Case 1.2 (previoudly identified, correctly, as an injection, or one-to-one into relationship, from B
to A) can aso be identified as a Type 1 one-to-one correspondence from Ato B.

e Case2.1 (previoudly identified, correctly, as an injection, or one-to-one into relationship, from A
to B) can aso be identified as a Type 2 one-to-one correspondence from Ato B.
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e Casel.1lcanbeidentified asaType 3 one-to-one correspondence from A to B (and also from B
toA).

Note: Given that (as |'ve said) the Type 1, Type 2, and Type 3 interpretations are |0ose, you can how

seewhy | said earlier (in the section "Functions') that in the case of a one-to-oneinto relationship in
particular, the qualifier one-to-one was being used in a slightly sloppy sense.

M any-to-One Correspondence

Again I'll start with adefinition:

many-to-one correspondence Let A and B be sets, not necessarily distinct. Then a many-to-one
correspondence from A to B isarule that pairs each element of A with exactly one element of B
and each element of B with at least one element of A. Equivalently, we might just say the many-
to-one correspondence is that pairing itself.

By way of example, let A and B be the set of al integers and the set of al nonnegative integers,
respectively. Then the pairing of integers x with their absolute values || is a many-to-one
correspondence from A to B.

Now, | hopeit's obvious that a many-to-one correspondence is nothing more nor less than a
surjection as previously defined. The troubleis, the term many-to-one correspondenceis often used,
loosaly, to mean something slightly different from a surjection as such. To be specific, it's often used
to mean one or other of the following:

1. A pairing such that each element of A corresponds to at most one element of B (while each
element of B corresponds to at |east one element of A)

2. A pairing such that (while each element of A corresponds to exactly one element of B) each
element of B corresponds to any number of elements of A (possibly none at all)

3. A pairing such that each element of A corresponds to at most one element of B and each element
of B corresponds to any number of elements of A (possibly none at al)

I'll refer for the moment to these three interpretations of the term many-to-one correspondence as
Type 1, Type 2, and Type 3, respectively, and I'll refer to the strict (surjective) interpretation as Type O.
Let me now relate the four interpretations to the cases identified in the section "How Many Cases Are
There?' (where possible). Again it should be clear that:

e Case 2.3 (previoudly identified, correctly, as a surjection, or many-to-one onto relationship, from
Ato B) can dso beidentified as a Type O many-to-one correspondence from A to B.

e (Case 1.3 canbeidentified as aType 1 many-to-one correspondence from Ato B.

e Case2.4 (previoudly identified, correctly, as afunction that's not an injection, bijection, or
surjection) can aso be identified as a Type 2 many-to-one correspondence from Ato B.
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Case 1.4 can be identified as a Type 3 many-to-one correspondence from Ato B.

Note: Given that (as've said) the Type 1, Type 2, and Type 3 interpretations are |0ose, you can

now see why | said earlier (in the section "Functions") that in the case of a many-to-one into
relationship in particular, the qualifier many-to-one was being used in adlightly sloppy sense.

One-to-Many Correspondence

Again I'll start with adefinition:

one-to-many correspondence Let A and B be sets, not necessarily distinct. Then a one-to-many
correspondence from A to B isarule that pairs each element of A with at least one element of B
and each element of B with exactly one element of A. Equivaently, we might just say the one-
to-many correspondence is that pairing itself.

By way of example, let A and B be the set of all nonnegative numbers and the set of all numbers,

respectively. Then the pairing of integers x with their square roots +Vx is a one-to-many
correspondence from Ato B.

Thetroubleis, the term one-to-many correspondenceis often used, loosely, to mean something

dlightly different from the concept as just precisely defined. To be specific, it's often used to mean one
or other of the following:

1

2.

3.

A pairing such that each element of A corresponds to any number of elements of B, possibly none
at al (while each element of B corresponds to exactly one element of A)

A pairing such that (while each element of A correspondsto at least one element of B) each
element of B corresponds to at most one element of A

A pairing such that each element of A corresponds to any number of elements of B, possibly none
at al, and each element of B corresponds to at most one element of A

I'll refer for the moment to these three interpretations of the term one-to-many correspondence as

Type 1, Type 2, and Type 3, respectively, and I'll refer to the strict interpretation as Type 0. Let me now
relate the four interpretations to the cases identified in the section "How Many Cases Are There?'
(where possible). Once again it should be clear that:

Case 3.2 (previoudly identified, correctly, as a surjection, or many-to-one onto relationship, from
Bto A) can also beidentified as aType 0 one-to-many correspondence from Ato B.

Case 4.2 (previoudly identified, correctly, as afunction from B to A that isn't an injection,
bijection, or surjection) can aso beidentified as a Type 1 one-to-many correspondence from A to
B.

Case 3.1 can be identified as a Type 2 one-to-many correspondence from Ato B.
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Case 4.1 can be identified as a Type 3 one-to-many correspondence from Ato B.

Many-to-Many Correspondence

Again I'll start with adefinition:

many-to-many correspondence Let A and B be sets, not necessarily distinct. Then a many-to-
many correspondence from A to Bisarule that pairs each element of A with at least one element
of B and each element of B with at |east one element of A. Equivaently, we might just say the
many-to-many correspondence is that pairing itself.

By way of example, let A be the set of all positive integers. Consider the pairing of positive

integers x and y defined as follows. Positive integersx and y are paired if and only if they have the
same number of digitsin conventional decimal notation. Then that pairing is a many-to-many
correspondence from Ato itself.

Thetroubleis, the term many-to-many correspondence is often used, loosely, to mean something

dightly different from the concept as just precisely defined. To be specific, it's often used to mean one
or other of the following:

1

2.

3.

A pairing such that each element of A corresponds to any number of elements of B, possibly none
at al (while each element of B correspondsto at |east one element of A)

A pairing such that (while each element of A correspondsto at least one element of B) each
element of B corresponds to any number of elements of A (possibly none at all)

A pairing such that each element of A corresponds to any number of elements of B (possibly
none at al) and each element of B corresponds to any number of elements of A (possibly none at
all)

I'll refer to these three interpretations of the term many-to-many correspondence as Type 1, Type

2, and Type 3, respectively, and I'll refer to the strict interpretation as Type 0. Let me now relate the
four interpretations to the casesidentified in the section "How Many Cases Are There?' (where
possible). Yet again it should be clear that:

Case 3.3 can be identified as a Type 0 many-to-many correspondence from Ato B (and also from
Bto A).

Case 4.3 can beidentified as a Type 1 many-to-many correspondence from A to B.
Case 3.4 can be identified as a Type 2 many-to-many correspondence from A to B.

Case 4.4 can be identified as a Type 3 many-to-many correspondence from Ato B (and also from
Bto A).

Summary
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All 16 cases have now been covered. Fig. 3, an edited form of Fig. 1, summarizes the situation at this
point. Note: I've used several self-explanatory abbreviationsin that figure (for example, M:1 for
many-to-one). Also, some of the entriesin the matrix could be stated in more than one way; in such
cases, I've chosen the form of text that | personally find most helpful (for example, | prefer "1:1 onto"
to"1:1 Type0"). The notation A — B means "from A to B"; the notation A <> B means "fromA to B
and also fromBto A"

b has —»

ahas | at most exactly at least M a's

onea onea onea M=>0)
at most 1:1 Type 3 1:1into M:1Typel | M:1Type3
oneb A-B B-A A-B A-B
exactly 1:1into 1:1 onto M:1 onto M:1 Type 2
oneb A-B A-B A-B A-B
at least M:M Type 2 M:1 onto M:M strict | M:M Type 2
oneb A-B B-A A~ B A-B
M b's 1:M Type 3 1M Typel |M:MTypel | M:M Type3
(M>0) A-B B-A A-B A< B

Fig. 3: The 16 cases summarized

CLOSING REMARKS

I'd like to close with a series of recommendations. I'll start with a couple of small ones. First, | said
earlier that it makes more sense to think of arel ationship as being from one set to another than it does
to think of it being between those sets; | even described the use of "between" as a source of some of the
confusions we observein thisarea. However, there are a couple of cases where "between” is
acceptable, and possibly even the better term: namely, Cases 2.2 and 3.3—Wwhere, just to remind you,
Case 2.2 isthe strict one-to-one case and Case 3.3 isthe strict many-to-many case. And an argument
could be made (I don't think I'd subscribe to it, but it's hardly an earth-shattering issue) that "between"
isalso acceptablein Cases 1.1 and 4.4. In all other cases, however, | would definitely recommend
staying with "from" and "to" and avoiding "between."

Second, | noted earlier that a bijection is sometimes said to be an isomorphic mapping—-ybut |
also said that term was deprecated. The reason it's deprecated is that, mathematically speaking, an
isomporphism is more than just a bijection (loosely, it's a bijection plus operators). Here'sthe
definition:

isomorphism Let A and B be sets, not necessarily distinct, and let f be a bijective mapping from
Ato B. Let OpA be an operator that takes elements of A asits operands and yields an el ement of
Aasitsresult. Then fisanisomorphismif and only if, for al such operators OpA, there exists an
analogous operator OpB that takes elements of B asits operands and yields an element of B asiits
result such that, whenever OpA applied to al, a2, ..., an yields a, then OpB applied to b1, b2, ...,
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bn yields b, where bl, b2, ..., bn, and b are the images of al, a2, ..., an, and a, respectively, under
f.

In other words, a bijective mapping is an isomorphism if and only if it preserves the algebraic structure
of the domain Ain the codomain B. Of course, if agiven bijective mapping f is an isomorphism, then
itsinverseis an isomorphism as well.

Now | turn to a more serious recommendation. I've shown in this paper that the situation

regarding relationships in general is quite complex—more complex than it's usually given credit for.
In fact, | think it's sufficiently complex that our usual reliance in this area on somewhat simplified
terminology is atrifle dangerous, or at least misleading. Instead of relying on such simplified (or
oversimplified) terminology, therefore, | think, as suggested in the abstract to this paper, that we should
strive for a better set of terms——terms that are clearer, more accurate, and more precise than the ones
we usualy use. To be more specific:

| don't think we should refer to the various different cases by reference numbers ("Case 3.2" and
the like), because such reference numbers always need some kind of guide or key by which they
can be interpreted. Of course, | used such reference numbers in the body of the paper, but that
was because | was trying to imposing a systematic structure on the subject matter for purposes of
anaysis. I'd bevery surprised if you didn't have difficulty in remembering which case was
which, especialy if you didn't keep a copy of Fig. 1 or Fig. 2 by you as akey.

| don't think we should use labels like optional and mandatory, because their meanings are
essentially arbitrary (even if we can agree on them, something I'm not at all sanguine about
anyway). Note: | remark in this connection that several other similar terms can also be found in
the literature: conditional relationships, contingent relationships, complex relationships, singular
rel ationships, exclusive relationships, and so on (thisisn't an exhaustive list). Do you think the
precise meanings of theseterms are al obvious? Or al universally agreed upon?

| don't think we should use mathematical terms like function, injection, surjection, or bijection,
even though those terms do at |east have precise definitions. One problem is that few people are
familiar with those definitions (and in any case, | think the meanings of injection and surjection,
a least, are difficult to remember). Another is that—rather annoyingly!—the terms don't cover
al cases. Yet another isthat the term function, at least, is often used in a very imprecise manner,
despite its having a precise definition, thus increasing the likelihood of breakdownsin
communication.

Similar remarks apply to the terms one-to-one onto (and into) and many-to-one onto (and into).

I've pointed out that each of the terms one-to-one correspondence, many-to-one correspondence,
one-to-many correspondence, and many-to-many correspondence has three loose interpretations
aswell asone strict one. As aconsequence, | think these terms should be avoided too, except in
situations where there's no possibility of misunderstanding (you might like to meditate on
whether any such situations exist). | certainly wouldn't use terms like "Type 2 one-to-many
correspondence” at all! Likethe terms"Case 3.2" (etc.), | used those termsin the body of the
paper only because | was trying to imposing a systematic structure on the subject matter for
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purposes of analysis, and I'd be very surprised if you didn't have difficulty in remembering
exactly what they all meant.
So what terms do | think we should use? Well, | certainly think we should use termsthat are
absolutely explicit—thereby saying things like "zero or one to one or more," if that's what we really
mean, instead of using an approximation like "one-to-many" and hoping that our audience knows that
"one" hereincludes the zero case and "many" doesn't. So here are the terms | would recommend. Note

that they can al be immediately derived from the annotation in Fig. 2. Notetoo that | do have to use
the terminology of "Case 3.2" (etc.) in this list'—~but, | hope, for the very last time.

o Case 1.1: at most one to at most one

. Case 1.2: exactly one to at most one

o Case 1.3: one or more to at most one

o Case 1.4: zero or more to at most one

o Case 2.1: at most one to exactly one

o Case 2.2: exactly oneto exactly one

o Case 2.3: one or moreto exactly one

. Case 2.4: zero or more to exactly one

o Case 3.1: at most one to one or more

. Case 3.2: exactly oneto one or more

o Case 3.3: one or more to one or more

o Case 3.4: zero or more to one or more

o Case 4.1: at most one to zero or more

. Case 4.2: exactly one to zero or more

o Case 4.3: one or more to zero or more

. Case 4.4: zero or more to zero or more

Let me admit immediately that the foregoing terms are still not as transparently clear as | could

wish them to be. In the case of "zero or one to one or more,” for example, it has to be clearly
understood that the "zero or one" means that each b has at most one a and not the other way around,

and the "one or more" means each a has at least one b and not the other way around. So perhaps I'm
still in the market for some better terms ... but until such terms come aong, | think the foregoing ones
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should serve. Note: In this connection, Hugh Darwen has suggested the following numeric
substitutions for the phrases "at most one" (etc.):”

amostone 1
exactlyone 1

oneor more 1°
zero or more OF

Using these replacements, "at most one to zero or more" (for example) becomes ™1 to 0™ (or, perhaps
better, just "1:0™). This notation is at least more succinct, avoids the use of English words, and works
well for more unusual specific cases such as "exactly oneto at most 2" (1:2); but I still don't think it's
perfect.

I'd like to leave you with some questions to ponder. In this paper, I've offered precise definitions
of (among other things) the terms function, one-to-one correspondence, many-to-one correspondence,
one-to-many correspondence, and many-to-many correspondence. Here now is a precise definition of
abinary relation (in the mathematical sense of that term):

binary relation Let Aand C be sets, not necessarily distinct. Then abinary relationr isarule
that pairs each element of A (the domain of r) with at |east one element of C (the range of r);
equivaently, we might just say r isthat pairing itself.

So what exactly do you think the relationship is between relationships as I've defined them in this
paper and the mathematical concept of abinary relation? And what do you think the relationship is
between relationships and relations as defined in the relational model? And why do you think the
relational model is so called?
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