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Codes

® Rate

How many codewords?

® Min distance
Minimum pairwise

distance



List Decodability

® Number of codewords... [Elias’57, Wozencraft’58]
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in ball of radius r?

bounded?




RM Code oz

[Muller’'54, Reed’54] g : Fn s F
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RM Code

List decoding

F'—>F
P:F'>F :

deg(P)<d

Ball of radius ry- €

Number of codewords

Independent of n

ding Radius=largest r



F=F
RM COde d<pp
9. F'—>F

List decoding

P:F'—F

deg(P)<d
Ball of radius 0 (d,p)=1-d/g

How many codewords?
2p"
= (L(x)-1)..(L(x)-d)




F=F
RM COde d<pp
9. F'—>F

List decoding

P:F'—F

deg(P)<d
Ball of radius 0 (d,p)- €

How many codewords?



P:F'>F

dea(P)<d RM Code

List decoding (large fields)

® [Goldreich, Rubinfield, Sudan ‘95]
®* [Sudan, Trevisan, Vadhan ‘O1]

® [Arora, Sudan ‘03]

® [Sudan ‘97]

¢ [Guruswami, Sudan ‘99]




P:F'>F

dea(P)<d RM Code

List decoding (small fields)

° d=1, p=2
* Ball of radius 6 (d,p)-e=1/2-¢

® No. of codewords = c(d,p, €)

® |Independent of n!

® [Goldreich, Levin,’89]




P:F'>F

dea(P)<d RM Code

List decoding (small fields)

e d=1, all p
® Ball of radius 0 (d,p)-e=1-1/p-€
® No. of codewords = c(d,p, €)
®* |Independent of n!

* [Goldreich, d
Rubinfield, Sudan,’00]




P:F'>F

dea(P)<d RM Code

List decoding (small fields)

e all d, p=2
e Ball of radius & (d,p)-e=1/24-¢
® No. of codewords = c(d,p, €)
®* Independent of n!

* [Gopalan, d

Klivans, Zuckerman,’08]




P:F'>F

dea(P)<d RM Code

List decoding (small fields)

e all fixed d,p
* Ball of radius o (d,p)- &
® No. of codewords = c(d,p, €)

® |Independent of n!

® Conjectured in [GKZ,’08] ‘




P:F'>F

dea(P)<d RM Code

List decoding (small fields)

e d=2, all p
* Ball of radius o (d,p)- &
® No. of codewords = c(d,p, €)

® |Independent of n!

* [Gopalan '10]

——h . rr— . e r




P:F'>F

dea(P)<d RM Code

List decoding (small fields)

e all fixed d,p
* Ball of radius o (d,p)- &

® No. of codewords = c(d,p, €)

® |Independent of n!

Thm 1 [This work]



P:F'>F

dea(P)<d RM Code

List decoding (small fields)

e all fixed d,p
* Ball of radius o (d,p)- &

® No. of codewords = c(d,p, €)

® |Independent of n!

Thm 1 [This work]

Gopalan, Klivans, Zuckerman,’08



P:F'>F

dea(P)<d RM Code

List decoding beyond ¢ (d,p)

* Fix e <d.
* Ball of radius 0 (e,p)-€=1-e/p-¢€

® No. of codewords?

>exp(nd'e) 8 (P0)=(1-e/p)(1-1/p)

P(x)=(x;,-1)....x, —e)(O(x;...x, )+ x,)
deg(Q)=d-e




P:F'>F

dea(P)<d RM Code

List decoding beyond ¢ (d,p)

* Fix e <d.
* Ball of radius 0 (e,p)- €

® No. of codewords?

<exp(nd-¢)

p=2: [Kaufman, Lovett, Porat, ‘12]




P:F'>F

dea(P)<d RM Code

List decoding beyond ¢ (d,p)

* Fix e <d.
* Ball of radius 0 (e,p)- €

® No. of codewords?

<exp(op,d, € (nd-e»

All fixed p, d. Thm 2 [This work]

——




P:F'>F

dea(P)<d RM Code

Weight distribution

® No. of codewords

° wt(l-e/p-€)
=exp(0 4, - (%))




P:F'>F

dea(P)<d RM Code

Recall Problem (d<p)

® No. of codewords

® |n ball of radius 1-d/p-€

<c(p,d, €)

Thm 1




P:F'>F

deg(P)<d Thm 1

Proof Outline
e Given g:F"—=F @

°* STEP 1. Weak regularity lemma - Get low
complexity proxy g’ for g made of ‘few’ low degree
polynomials (generalize Frieze-Kannan ‘99 weak
regularity)

® STEP 2. Any f close to g (g’) is a composition of
the ‘few’ low degree polynomials




Thm 1
(STEP 1)

9. F'—>F

iP,...,P, deg(




Thm 1
(STEP 1)

Generalized Weak Regularity Lemma

‘F collection of

. - >
X,Y arbitrary finite spaces, £>0 . - . s from X to Y

Given g:X > Y  there exist f,,...,f_in F, c<1/€?

such that
For any f in F, there exists T:Yc> Y

satisfyi% g’ _

=T(f4,...,f)1>Prf(x)=g(

....




Thm 1
(STEP 2)

P.’s need to be regular
R al/
g-F =1 Higher order Fourier Analysis

3P,...P, deg(P)=d P()=T(Py,....,P.)

No. of P’s < ¢(p,d, €)

Pr[P(x)=g(x)]>d/p+ ¢




Higher order Fourier
Analysis

* Rank,(f). Smallest r s.t. f=T(fy,...,f,) where
deg(f)=d-1, E.g. Rank,(L;(x).L,(x))s2, Ranks(xyzt)<2
as xyzt=(xy)(zt)

® Factor. Partition of Fn

®* Polynomial Factor. Partition of F" based on
collection of polynomials

=

__——

/
P1(x)=a, Py(x)=b




Higher order Fourier
Analysis

Rank of Polynomial Factor[Green, Tao '07]. Min
(over nonzero a=(a;,a,)) r s.t. rank (a;P;+a,P,)=r,
d=max;(deg(a;P))

Refinement of Factor. R,,... is a refinement of Q...
If fixing Ry(x)... fixes Q(X)....
{z:P,(z)=a, Px(2)=b}

S

E'g' {Xry}
refines

{xy,x}




Higher order Fourier
Analysis

Rank of Polynomial Factor. Min (over nonzero
a=(aj,a,)) r s.t. rank (a;P,+a,P,)=r,
d=max,(deg(a,P,))

Refinement of Factor. R,,... is a refinement of Q...
It fixing R{(x)... fixes Q{(x)....

High rank polynomial factors essential in analysis

All linear combinations of polynomials have high rank



Higher order Fourier
Analysis

=

— All squares = same size

P1(x)=a, P,(x)=b [Green, Tao’07,
Kaufman, Lovett '08]

High rank polynomial factors essential in analysis

All linear combinations of polynomials have high rank




Higher order Fourier
Analysis

Regularization [Green, Tao’07,
Kaufman, Lovett 08, Tao, Ziegler’1l1]

Refinement that turns

{z:P1(2)=a, P,(z)=D}

{x,y:P,=0,P,=0}

B

P,=xy, P,=x Q.=x, Q,=y



Thm 1
(STEP 2)

P.’s need to be regular
R al/
g-F =1 Higher order Fourier Analysis

3P,...P, deg(P)<d POO=T(Py,..,P.)

No. of P’s < ¢(p,d, €)

Pr[P(x)=g(x)]>d/p+ ¢




Thm 1
(STEP 2)

Pr[P(x)=Tp(P4,...,P.)]>d/p
) P(X)=T(P,,...,P.)




Thm 1
(STEP 2)

Pr[P(x)=Tp(P,,...,P.)]>d/p

Pq,...,P,

Q- Q.

PrlP(x)=T"p(Q1;.-,Q:)]>d/P wemp P(x)=T(Q,...,Q.)




Thm 1
(STEP 2)

Pr[P(x)=T"p(Qy,-.-,Qc)1>d/p wemp P(x)=T(Qy;...,Q.)

Q...,Q.,P
ﬂ' Weakly regularize P=U(Q1""’Qc”Rly---,ch)

Q]_! L !Qc’y Rl, ---,ch

Pr[U(Q17 7Qc”R1’ ---’Rc”)=T,P(Q1’ ’Qc’)]>d/p




Thm 1
(STEP 2)

Pr[U(Ql’-"’Qc”Rl’---7Rc”)=T’P(Q1’"'7Qc’)]>d/p

M hish der Fouri vsi Generalization of
ore higher order rourier analysis Schwartz-Zippel-DeMillo-Lipton lemma

U does not depend on any R;

P(X)=U’(Q1,...,Qc’)



Thm 1
(General)

® Proof outline for d<p case

® d=p case needs introduction of non classical
polynomials [Tao, Ziegler ‘11]




P:F'>F

deg(P)<d Th m 2

® Build on the steps of Thm 1

® Develop additional techniques

® esp, in the setting of non classical polynomials




P:F'>F

wre CONclusion

® esd

®* No. of codewords in ball of radius ¢ (e,p)-€

o <exp(cp,d, . nd-e)




Open Problems

® |mprove bounds

® Extend to nonprime fields




Thanks!




